Abstract. In this paper we investigate a continuous-time portfolio selection problem. Instead of using the classical variance as usual, we use Earnings-at-Risk (EaR) of terminal wealth as a measure of risk. In the settings of Black-Scholes type financial markets and constantrebalanced portfolio (CRP) investment strategies, we obtain closedform expressions for the best CRP investment strategy and the efficient frontier of the mean-EaR problem, and compare our mean-EaR analysis to the classical mean-variance analysis, to the mean-CaR analysis in Ref. 13, and to the expected utility analysis. We also examine some economic implications arising from using the mean-EaR model.
Introduction
The pioneering work of Markowitz Besides its uses as a potential risk measure, VaR has also been applied in the context of portfolio selection. For instance, in Refs. 12 and 13, the authors define a VaR-based related concept known as Capital at Risk (CaR) and demonstrate how to incorporate such measure in the portfolio optimization problem. Using a constant-rebalanced portfolio (CRP) investment strategy, they formulated a mean-CaR portfolio optimization problem and derived analytically the optimal solution and the efficient portfolio frontier for the problem. A CRP strategy is an investment strategy which keeps the same distribution of wealth among a set of securities from time to time (or from period to period). That is, the proportion of total wealth invested in each of the underlying securities is the same at any time point (or period); see, for example, Refs. 12-15. It should be emphasized that such strategy does not imply that there is no trading. As the stock prices evolve randomly one has to trade at every instant to ensure the fraction of wealth invested in each security constant. Thus, following a CRP investment strategy still means one must trade dynamically.
In order to demonstrate the power of constant-rebalanced portfolio investment strategies, we cite the example in Ref. 15 . Assume that only two securities are available. The first one is riskless, whose price never changes. The second is highly volatile, whose price doubles on even days and halves on odd days. Thus the price processes can be described by the sequence {1, 1, 1, . . . , } for the first stock and by { 1 2 , 2, 1 2 , 2, . . . , } for the second. Neither investing a single stock can increasing its wealth by more than a factor of 2. However, a constant-rebalanced portfolio (
2 ) will increase its wealth exponentially. The investment strategy trades stocks so that it has an equal wealth in each stock at the beginning of each day and maintains this until the end of the day. On odd days the total wealth will decrease by a factor of . It takes only twelve trading days to double the wealth, and over 2n days the wealth increases by a factor of 9 8 n .
In this paper, we investigate a dynamic portfolio selection problem in the framework of (i) the Black-Scholes type financial market, (ii) a CRP investment strategy, and (iii) a mean-EaR tradeoff. Section 2 describes the financial market which involves the BlackScholes settings and CRP investment strategies, and introduces a risk measure known as Earnings-at-Risk (EaR). Some properties of EaR are provided in Section 3. Section 4 establishes a mean-EaR portfolio optimization model and derives analytically its optimal solution and efficient frontier. A comparison with the classic mean-variance analysis, the mean-CaR analysis, and the expected utility analysis is given in Section 5. Section 6 concludes the paper.
The Financial Market and EaR
Consider a standard Black-Scholes type financial market in which n + 1 assets (or securities) are traded continuously in the horizon [0, T ] and indexed by i = 0, 1, . . . , n.
One of the assets, say i = 0, is the riskless bond whose price process P 0 (t) evolves according to the following (deterministic) ordinary differential equation
where r is the rate of interest and is assumed to be constant. The other n assets are risky stocks whose price processes P 1 (t), . . . , P n (t) follow the following stochastic differential
where b = (b 1 , . . . , b n ) is the vector of stock-appreciation rate, σ = (σ ij ) n×n is the matrix of stock-volatilities and B(t) = (B 1 (t), . . . , B n (t)) is a standard n-dimensional Brownian motion. Here b and σ are assumed to be constant in time. Moreover, for simplicity, we assume that σ is invertible and that b i ≥ r.
Let π i (t) be the fraction of the wealth W π (t) invested in asset i at time t. Let π(t) = (π 1 (t), . . . , π n (t)) ∈ R n . Then π 0 (t) = 1 − π(t) 1, where 1 = (1, . . . , 1) is the vector whose components are all units. The portfolio process π(t) is called a portfolio strategy. The number of shares at time t invested in asset i is
Hence,
Throughout the paper, we assume that transaction costs and consumption are not considered and that portfolio strategy π(t) is self-financing. Thus
with W π (0) = w > 0 being the initial wealth of an investor.
As in Refs. 12-15 and many others, in what follows we restrict ourselves to constantrebalanced portfolio (CRP) strategies. 4 As noted in the introduction, a CRP strategy will be rebalanced at each time instant so that a fixed fraction of the wealth is held in each of the underlying stocks. Therefore, a CRP strategy employs the same investment vector π(t) = π = (π 1 , . . . , π n ) at each t in the planning horizon [0, T ]. Such an investment strategy still means that one must follow a dynamic trading strategy, since at each time instant t the investment proportions are rebalanced back to the vector π.
Even it might result in vast amounts of trading. The advantage of CRP strategies is two-fold: first we obtain, at least in a Black-Scholes setting, closed-form results; and, furthermore, the economic interpretation of the mathematical results is comparably easy.
Standard Itô integral and the fact that E[e sB j (t) ] = e ts 2 /2 , where E is the expectation operator, yields the following explicit formulae for the wealth process W π (t) for all
where · denotes the Euclidean norm in R n and V ar is the variance operator.
Associated with real number α ∈ (0, 1), initial wealth w, time horizon T and portfolio π, we denote by ρ 0 (π, w, T ) the α-quantile of the terminal wealth W π (T ), that is, it is implicitly defined by
where P (·) is the probability. Using the notation ρ 0 , the expected shortfall or more precisely the conditional tail expectation of W π (T ) is defined as
Furthermore, the conditional tail semi-standard derivation of W π (T ) is defined as
Using the risk measures ρ k (π, w, T ), k = 0, 1, 2, we can define a class of Earningsat-Risk.
Definition 2.1 (Earnings-at-Risk). Earnings-at-Risk (EaR) of a CRP investment strategy π with respect to ρ k (k = 0, 1, 2) with initial wealth w and time horizon T is the difference between the mean terminal wealth E[W π (T )] and the risk measure ρ k , i.e.,
Note that there are important distinctions between the proposed EaR and the Capital-at-Risk (CaR) defined in Refs. 12 and 13. CaR is defined as the difference between the terminal wealth of the pure bond (riskless) investment strategy and the risk measure ρ k (π). EaR measures risk relative to mean terminal wealth
while CaR measures risk relative to pure bond investment strategy. The mean terminal wealth depends explicitly on the adopted investment strategy π while the pure bond strategy is independent of π. EaR therefore provides a trade-off between investing in the portfolio with position π and its expected shortfall as a result of adopting such investment strategy. When formulated as an optimization problem, both the mean return and its risk measure are considered jointly. Hence it is a more relevant measure over
CaR which provides a trade-off between the risk-free investment and its associated risk measure.
Let z α be the α-quantile of the standard normal distribution and Φ the distribution function of a standard normal random variable.
Since π σB(T )/( π σ √ T ) is a standard normal random variable, by using (2.1) and (2.4)-(2.7) we can express explicitly the risk measures ρ k , k = 0, 1, 2 as (see Ref. 12)
Consequently, closed-form expressions of EaR k for k = 0, 1, 2 are respectively given by
Here and hereafter we simply use EaR k (π) to stand for EaR k (π, w, T ) for k = 0, 1, 2.
To avoid some subcases in the results of this paper, we make the following assumption.
Assumption 2.1. The parameter α satisfies α < 0.5 and hence z α < 0.
Some Properties of EaR
The three EaR k 's have the following relations.
Proposition 3.1. For any portfolio π, initial wealth w and time horizon T ,
Proof. For (1) (2), (2.11)-(2.13) and the assumption that matrix σ is invertible.
Denote by ϕ the density function of a standard normal random variable.
Proof. See Ref. 16 .
Define two functions g 1 and g 2 on (0, +∞) by
respectively, where θ = σ −1 (b − r1) . The following properties of these two functions will be used in the sequel. (1) g 1 is strictly decreasing, g 1 (ε) ∈ (0, 1) for all ε ∈ (0, +∞), and
(2) g 2 is strictly increasing, g 1 (ε) ∈ (−∞, +∞) for all ε ∈ (0, +∞), and
Proof.
Let ε ∈ (0, +∞). Clearly g 1 (ε) > 0. Since EaR 2 (π, w, T ) > 0 for all π = 0 by Proposition 3.1 (3), it follows that g 1 (ε) < 1. Noting 1 − Φ(x) = Φ(−x) and
Hence g 1 (ε) is strictly decreasing on (0, +∞), and hence g 2 (ε) is strictly increasing on
By using ϕ (x) = (−x)ϕ(x) and L'Hopital, we have
Now we give a extreme property of Earnings-at-Risk.
2) min π∈R n EaR k (π) = 0 and the minimum is only attained for the pure bond strategy.
Proof. We show only the case of k = 2.
(1) If b = r1, the conclusion is obvious. Now we assume that b = r1. We rewrite the expression (2.13) of EaR 2 in the following form:
where
Now consider the following optimization problem
for any given ε > 0. Over the (boundary of the) ellipsoid defined by the constraint in problem (3.1), the objective function equals
Hence, solving problem (3.1) is equivalent to solving the following problem
Using the Lagrangian method, this problem has the unique optimal solution
which completes the proof of assertion (1).
(2) By Proposition 3.1 (3), EaR 2 (π, w, T ) > 0 = EaR 2 (0, w, T ) for all π = 0 which implies the conclusion (2). Proposition 3.4 implies that EaR attains a lower bound of zero for the pure bond strategy. It is bounded from above by we rT in a risk-neural market and unbounded above otherwise.
Optimal Portfolio Selection with EaR
Recall that one model of Markowitz's mean-variance methodology is to minimize the variance of the portfolio return under a given level of the expected portfolio return.
Analogously, our dynamic portfolio selection model is to minimize Earnings-at-Risk of the terminal wealth with respect to one of ρ k 's under a given level of the expected terminal wealth. In this paper, we confine the discussion of the case k = 2. More precisely, we solve the following problem:
where C > 0 is a predetermined level of the expected terminal wealth E[W π (T )]. We refer the above optimization problem as the mean-EaR problem. Since the pure bond policy yields a deterministic terminal wealth of w exp(rT ), it is natural to assume that the expected wealth level C satisfies the following lower bound condition:
In fact, if C < w exp(rT ), then, according to Proposition 3.4 (2), the optimal solution of (P ) would be the pure bond strategy π = 0.
In the following we derive analytically the best CRP investment strategy; i.e., the optimal solution to portfolio optimization problem (P ). As a by-product, we also obtain a closed-form expression for the corresponding mean-EaR efficient frontier.
Theorem 4.1. Assume that b = r1. Then the unique optimal policy of problem (P ) is
3)
The corresponding expected terminal wealth is E[W π * (T )] = C and Earnings-at-Risk is
Proof. With the help of expression (2.13) for EaR 2 , we rewrite problem (P ) as
If C = w exp(rT ), it is obvious that the pure bond policy π * = 0 is a feasible solution to problem (P ), with the global minimal Earnings-at-Risk EaR 2 (π * ) = 0 by Proposition 3.4 (2). Hence, π * = 0 is the unique optimal solution of (P ), which means that the conclusions asserted are true for this special case. Now we assume that C > w exp(rT ).
The feasible set of the problem is
Given ε > 0, the intersection of Π and the ellipsoid π σ = ε is
The hyperplane (b − r1) πT = ln C w − rT is tangent to the ellipsoid π σ = ε if and only if εθT = ln(C/w) − rT , that is ε = ε * := ln(C/w)−rT θT > 0, where
Consequently Π(ε) = ∅ if ε < ε * and hence Π = ε≥ε *
Π(ε). Thus problem (P ) is
equivalent to the following bilevel optimization problem
For each fixed ε ≥ ε * , we solve the problem
When ε = ε * , the optimal solution is the unique tangent point
of the hyperplane (b−r1) πT = ln C w −rT to the ellipsoid π σ = ε * , with (b−r1) π * T = ε * θT . When ε > ε * , min {(b − r1) πT : π ∈ Π(ε)} = ln C w − rT = ε * θT , and every point on both the hyperplane (b−r1) πT = ln C w −rT and the ellipsoid π σ = ε is an optimal solution. Therefore, we obtain the solution of problem (P ) by solving the problem
Since the function 1 − exp(ε 2 T )
is strictly increasing with respect to ε by Lemma 3.3, the optimal ε for the above problem is the unique ε * . This completes the proof.
As an immediate consequence, the analytic result in Theorem 4.1 provides an explicit relation between the optimal Earnings-at-Risk and the expected terminal wealth.
for ξ ≥ w exp(rT ). The above relationship is known as the efficient frontier for the mean-EaR problem in mean-EaR space.
We now make several remarks about the best CRP investment strategy and the mean-EaR efficient frontier derived above. and ε is strictly decreasing in T when T satisfies ξ ≥ exp(rT ).
Remark 4.3. The above mean-EaR efficient frontier is obtained by solving the optimization problem (P). Alternatively, the same efficient frontier could have obtained by maximizing the mean terminal wealth for a given level of EaR; i.e., (P ) max
where C is a given constant.
We now demonstrate a numerical example to end this section. 
A Comparison with Mean-Variance Analysis
First we focus on a comparison with mean-variance analysis. In particular, we consider the following mean-variance optimization problem:
where C, as in problem (P ), is the predetermined level of the expected terminal wealth
E[W π (T )] that satisfies condition (4.1).
The solution to the above optimization problem (P ) is summarized in the following theorem. We omit the proof since it is very similar to the proof of Theorem 4.1.
Theorem 5.1. Assume that b = r1. Then the unique optimal policy of mean-variance
2)
The corresponding expected terminal wealth is E[W π * (T )] = C and variance
It follows immediately from the above result that the efficient frontier for the meanvariance problem in mean-variance space is given by Consequently, they did not obtain the mean-variance efficient frontier explicitly.
An interesting consequence of Theorems 4.1 and 5.1 is that for a given minimum level C of the expected terminal wealth E[W π (T )], the optimal CRP investment strategies for both the mean-EaR and the mean-variance problems are equivalent, as indicated by (4.2) and (5.1). In fact, it can also be shown that similar optimal π * can also be obtained if we had considered the risk measure CaR as in the mean-CaR optimization problem. This implies all these risk measures yield similar optimal CRP investment strategies as long as the preselected level C is identical.
The above observation also provides a linkage between the EaR and the variance of terminal wealth. For instance, suppose we fixed the level of EaR. From the mean-EaR efficient frontier (4.5), we derive the highest attainable expected return and hence the optimal portfolio π * using (4.2). This in turn allows us to determine the corresponding minimum variance of terminal wealth using (5.3). Similarly, if the level of variance of terminal wealth is given, the mean-variance efficient frontier (5.4) can be used to obtain the corresponding expected terminal wealth and hence the minimum acceptable EaR using (4.4).
We now draw additional insights based on efficient frontiers (4.5) and (5.4) derived respectively from the mean-EaR and mean-variance problems.
Remark 5.1. The global minimal EaR is zero and the minimum EaR portfolio strategy is the pure bond strategy. This is also a consequence of Proposition 3.4. The global minimal variance is zero and the minimum variance portfolio strategy is the pure bond strategy.
Remark 5.2. On the efficient frontiers, both EaR and variance are strictly increasing functions of the expected terminal wealth, as to be expected. For the reason, we need only to note that EaR 2 (ξ) is a product of two functions. The first function is ξ which is strictly increasing. The second function is 1 − g 1 (ε) with ε = (ln(ξ/w) − rT ) / σ −1 (b − r1) T . This function is also strictly increasing because g 1 (ε) is strictly decreasing by Lemma 3.3 and because ε is strictly increasing in ξ. To end this subsection, we consider a numerical example to illustrate the difference between the mean-EaR and the mean-variance efficient frontiers. 
A Comparison with Mean-CaR Analysis
We now turn to a comparison with mean-CaR analysis. 
They formulated their mean-CaR model as maximizing the expected terminal wealth for a given level of CaR of the terminal wealth. For the sake of a convenient and easy comparison, as the above we formulate a mean-CaR model by minimizing the CaR of the terminal wealth for a given level of the expected terminal wealth:
where C, again as in problem (P ), is the predetermined level of the expected terminal wealth E[W π (T )] that satisfies condition (4.1).
Using a quite similar derivation as that in the proof of Theorem 4.1, we can also obtain a closed-form solution for problem (P ), which is summarized by the following theorem stated without proof.
Theorem 5.2. Assume that b = r1. Then the unique optimal policy of mean-CaR
Based on this result, the efficient frontier for the mean-CaR problem in mean-CaR space is given by
We have seen that a substantial difference of the mean-CaR model from the meanEaR is that, in the case θ √ T ≥ |z α |, the best CRP investment strategy is the same, equal to
for all C that satisfies
Corresponding to these C, the part of the efficient frontier for the mean-CaR problem degenerates to only one point in mean-CaR space. The whole efficient frontier starts only from this point where
We have also noted that a common fact for the mean-variance, the mean-CaR, and the mean-CaR models is that their efficient frontiers only depend on the stocks via 
A Comparison with Expected Utility Analysis
How does an investor's optimal CRP investment strategy change when he or she, previously using mean-EaR criterion, decides to use expected utility criterion?
We now show that, for risk-averse investors with constant relative risk-aversion, the model of maximizing expected utility of terminal wealth results in the same optimal CRP investment strategy as the mean-EaR model with appropriate levels of expected terminal wealth.
Suppose that an investor has a strictly increasing utility function u : R + → R displaying constant relative risk-aversion and maximizes expected utility of terminal wealth. The investor's portfolio selection problem is
Let u(W ) = W γ /γ, γ < 1 and γ = 0 or u(W ) = ln(W ) (the limiting case when γ approaches 0) where −u (W )W/u (W ) = 1 − γ is Arrow-Pratt measure of relative risk aversion. Then, in this particular case, Clearly, when γ < 1 its optimal solution is ε * = θ/(1 − γ).
Thus, the optimal CRP strategy of expected utility maximization problem (U P ) is given by (5.8).
Thus, the optimal CRP strategy of expected utility maximization problem (U P ) is the same as the one of mean-EaR problem (P ) when C = w exp rT + θ 2 T /(1 − γ) .
Conclusions
In this paper, we have introduced a risk concept known as Earnings-at-Risk to replace the variance in mean-variance analysis, derived closed-form solutions to a mean-EaR dynamic portfolio optimization problem under the Black-Scholes setting, and compared our mean-EaR analysis to the classical mean-variance analysis, to the mean-CaR analysis, and to the expected utility analysis. Our closed-form explicit formulae of optimal CRP investment strategies to the mean-EaR, the mean-CaR, and the mean-variance models facilitates the calculation and allow us to exactly and explicitly describe the efficient frontiers for these models and to analyze economic implications. Our models having the same constraint make it easier not only to derive closed-form solutions but also to compare solutions to different portfolio optimization problems. Moreover, our solution method and the idea of this paper also provide useful insights for some other dynamic portfolio optimization problems such as the mean-VaR, Safety-First proposed by Roy in Ref. 17 , and other kinds of mean-EaR as well as mean-CaR type problems.
for any t ≥ 0. It follows that the function Φ(z α − t)/α of α is increasing when α < 0.5 for any given t ≥ 0.
Appendix B
The mean-variance efficient frontier ν(ξ) given by (5.4) is convex on the whole interval [w exp(rT ), +∞) while the mean-EaR efficient frontier EaR 2 (ξ) expressed by (4.5) is concave at least on a infinite subinterval of the expected terminal wealth ξ.
For simplicity, we denote e = exp (ln(ξ/w) − rT ) 2 σ −1 (b − r1) 2 T ,
Using the first inequality of Lemma 3.2, it follows that
In the bracket {. . .}, the highest power term is t 6 and its coefficient is 16. Therefore, when ξ and hence when t is large sufficiently, [. . .] > 0 and hence EaR 2 (ξ) < 0. This means that EaR 2 (ξ) is concave on a infinite subinterval of ξ.
